Making use of the system of pulling a spherical intruder in static three-dimensional granular media, we numerically study the scaling law for the drag force F drag acting on the moving intruder under the influence of the gravity. Suppose if the intruder of diameter D immersed in a granular medium consisting of grains of average diameter d is located at a depth h and moves with a speed V , we find that F drag can be scaled as (D + d) φµ h αµ with two exponents φµ and αµ, which depend on the friction coefficient µ and satisfy an approximate sum rule φµ + αµ ≈ 3. This scaling law is valid for the arbitrary Froude number (defined by Fr = 2V 2D/g (D + d)), if h is sufficiently deep. We also identify the existence of three regimes (quasistatic, linear, and quadratic) at least for frictional grains in the velocity dependence of drag force. The crossovers take place at Fr ≈ 1 between the quasistatic to the linear regimes and at Fr ≈ 5 between the linear to the quadratic regimes. We also observe that Froude numbers at which these crossovers between the regimes happen are independent of the depth h and the diameter of the intruder D. We also report the numerical results on the average coordination number of the intruder and average contact angle as functions of intruder velocity.
I. INTRODUCTION
Granular medium, an assembly of discrete particles behaves as a solid or a fluid depending on its density [1] . Variety of interesting phenomena exhibited by granular materials [2] has attracted many physicists and engineers in the last few decades. There are many studies on the motion of the objects in granular media (through analysis of drag and lift forces) to improve the understanding of rheology of granular flows.
There are both experimental and simulation studies related to the characterization of the drag force on a moving passive object. In most of these studies the objects considered are either spheres [3] , cylinders [4] [5] [6] [7] [8] [9] [10] [11] , or platelike objects [12, 13] . Through the analysis of slow drag on a cylinder in aluminium oxide polydisperse granular mixtures under high pressure [14] , it is clarified that the drag resistance in granular media is related to the packing effects. The studies of drag in a quasi-two-dimensional dilute supersonic granular flow [15] and in monolayered (two-dimensional) dense granular media [16] have provided more quantitative descriptions of drag force as the effects of flow fields around the intruder. A quite recent study on the drag force of a spherical intruder moving through sedimented granular hydrogels [17] reports that drag force is a constant up to a critical velocity and starts increasing with velocity quadratically. In a study of granular drag inspired by self-burrowing rotary seeds [18] , the drag reduction by rotation for a vertically penetrating intruder is observed. Similarly the drag reduction by * anki.reddy@iitg.ernet.in † hisao@yukawa.kyoto-u.ac.jp mechanical vibration for the penetration of an intruder into a dry granular medium has been reported [19] and this is attributed to the local fluidization which could rupture the force chains. Such studies on the drag force in granular media are relevant to understand the animal locomotion through granular media [20] [21] [22] [23] [24] [25] [26] [27] [28] . We expect that our study can stimulate the robotics or animal locomotion moving in sands.
Though many studies exists for characterization of the drag force, we need to establish a scaling law for the drag forces in granular media similar to the case of viscous fluid flows. If there is an object in a viscous fluid and if there exists a relative speed V between the object and the fluid, it is well-known that F drag can be given as (1/2)ρC D AV 2 , where A is a reference area, ρ is the fluid density, and C D is the drag coefficient. Such kind of universal law does not exist for granular fluids. In a recent study [29] for the drag force acting on a disk at high velocity near the jamming point, it is found that the average drag force can be expressed as F drag = F 0 (Φ) + α(Φ)V 2 , where Φ is the area fraction and V is the pulling speed of the intruder disk. This scaling has also been observed in the numerical study [30] of similar system. Nevertheless, the situation is not simple for three-dimensional cases. Indeed, the simulation in Ref. [3] suggests F drag for a pulling sphere in a three-dimensional granular media under the influence of the gravity is expressed as the summation of a yield force and the dynamical term which is proportional to V , at least, for V < 3 gD/2, where D and g are, respectively, the diameter of the intruder and the acceleration due to gravity. On the other hand, an experiment on the moving cylinder in a three-dimensional granular media using Taylor-Couette configuration [8] suggests that the drag law obeys V ∝ exp[(F drag − F c )/F c G], where F c and G are the yield force and a function that depends on the location (or the shear). Therefore, we should clarify what is the proper scaling law to characterize the moving object in granular media in three-dimensional situations.
The recent work to study the effects of vibration on the drag force of an intruder revealed that the drag force does not depend on the velocity for low vibration level and depends linearly for high vibrations [31] . Similarly velocity dependence of F drag has been discussed in both experimental and numerical works [3, 4, [32] [33] [34] [35] [36] for various shaped intruders and various packing conditions either in two-dimensional or three-dimensional systems. Based on the results of these studies, it seems that there exist three or four regimes such as velocity independent (quasistatic), weakly dependent (logarithmic), linear, and quadratic regimes, though the distinction between quasistatic and the logarithmic regimes is not easy. In the present work with the help of extensive computer simulations, we numerically analyze the drag force for a wide range of intruder velocities characterized by the Froude number defined by Fr = 2V 2D/g (D + d), where d is the average diameter of the granular bed particles. Plotting the numerical data against the Froude number, we clarify the existence of crossovers between these regimes. Moreover we also attempt to know the role of depth of the immersed object on the crossover. We discuss how the drag forces are scaled by the intruder diameter and the depth. We also discuss how the scaling exponents depend on the friction coefficient.
So far, there have been only a few studies devoted to the analysis of the dynamics of granular particles around an intruder. A study performed on a local rheological measurement around an intruder found significant deviations from the prediction of a local rheological model and stressed on the need for a nonlocal rheological model to describe the flow around the intruder pulled through dense granular media [36] . The existence of strong intermittent and heterogeneous response is reported in an experiment [37] , where an intruder is dragged with a constant force in a vibrated monolayer of disks. One of the objectives in our present study is to analyze the local dynamics within a few particle lengths from the intruder. We also report the average coordination number and average contact angle of the intruder with granular bed particles as functions of the Froude number.
The present study makes use of the simulation of pulling a spherical intruder in dense granular medium to answer the questions discussed above. In Sec. II, we explain the simulation methodology employed for the present study. We illustrate that the drag force can be represented by a product of the yield force and the dynamical part. We also discuss how the yield force depends on the intruder size, the depth of the intruder, and the friction coefficient in Sec. III. Finally we summarize our results with the possible future work in Secs. IV and V.
II. SIMULATION METHODOLOGY
We employ the discrete element method (DEM) as our simulation method [38] , which is widely used to simulate the granular materials. The simulations are carried out for a three-dimensional system. Initial configurations for the simulation are generated by fixing the intruder sphere at a given position while granular particles of diameter uniformly distributed between 0.9d to 1.1d are poured from the top by the gravity. The particles are allowed to settle and reach almost zero kinetic energy due to the presence of dissipating and damping forces. In our simulations, physical quantities are scaled by the density ρ, the average diameter d, and the gravity acceleration g. Therefore, for example, the time is scaled by d/g, the mass is scaled by ρd 3 , the force is scaled by ρd 3 g, etc. Periodic boundary conditions are applied across x and y-directions, where x coordinate is assigned to the moving direction of the intruder, and z is the vertical direction (anti-parallel to the direction of the gravity). A rough base is used for the bottom of the simulation box by freezing the particles whose centers of masses are located below 0.6d from the base. The gravity acceleration acts along negative z-direction throughout the simulation. We have considered two systems in our study. The first system consists of 70, 001 particles (including one intruder) in a simulation box of 40d × 40d × 38d in the x, y, and z-directions. The intruder is initially located at x = y = 20d and z = 13.5d. In this system, the depth of the intruder from the surface is kept constant while the diameter of the intruder is varied. Six cases of the intruder diameter are considered with the intruder diameter varying from 1.0d to 6.0d at various moving velocities inside the granular bed. It is ensured that the system is large enough for all the simulations carried out and that the periodic boundary does not affect the forces on the intruder due to its periodic image. The initial configuration for the intruder of diameter 2.0d is shown in Figs. 1(a) and 1(b). We have additionally considered the intruders of diameters D = 8d and 10d in the first system to confirm the scaling law on the yield force. The second system consists of 300, 001 particles including the intruder in a system of 80d × 40d × 80d in the x, y and zdirections (see Fig. 1(c) ). The intruder diameter is fixed as 4.0d while the depth of the intruder is varied as 10d, 25d, 45d, 50d, 55d, 60d, and 65d from the surface in the negative z-direction. The first system I is used to study the dependence of drag force on the diameter of the intruder at constant depth for both frictional and frictionless cases, the drag force in the quasistatic regime and the yield force of the intruder (here, we define the yield force as the drag force acting on the intruder in the zero velocity limit). The second system II, on the other hand, is used to study the drag forces on the intruder of a constant diameter 4.0d at various depths and the dependence of the drag forces on the other factors such as non-linear spring stiffness and damping coefficient both of which are defined in the next paragraph. The benefit of using two systems is as follows. The system I can be used to determine the yield force on the intruder because we need huge computation time (the number of particles in the system II is four times or more than that in the system I), while the system II is adequate to know the depth dependence of the drag force because the location of the intruder should be away from the bottom rough base and the surface of the granular bed. The normal and tangential contact forces [39] between the two interacting particles or between the particle and the wall are expressed as:
Here, K n and K t are non-linear spring constants for the normal and the tangential contact forces, respectively, with the dimensions of the pressure, γ n and γ t are damping factors for the normal and the tangential forces, respectively, δ refers to the overlap distance of the colliding particles and is given by δ = ( can be expressed by Young's modulus E and Poisson's ratio ν [40] :
where G is the shear modulus. We have taken K n = 2 × 10 8 ρdg and the value of K t = 2.45 × 10 8 ρdg for our simulations. These values of K n and K t correspond to Young's modulus, E = 200 GPa and ν = 0.3 if we choose ρ = 10 g/cm 3 , d = 7.5 mm, and g = 9.8 m/s 2 . The identical K n and K t can be used to represent a material of Young's modulus, E = 10 GPa and ν = 0.3 if we choose ρ = 1 g/cm 3 , d = 3.75 mm, and
The value of γ n is chosen as 50000 g/d 3 to obtain a coefficient of restitution curve that represents a realistic value. It is seen that the coefficient of restitution depends on the colliding velocity [41] . We have carried out the simulation of dropping a sphere on a flat wall to obtain coefficient of restitution for various V n as shown in Fig. 2 with the interaction parameters identical to that of the sphere-sphere interaction. The theoretical value of the coefficient of restitution is also plotted (calculated taking diameter of wall as infinity) using the well-known expression obtained by Kuwabara and Kono [41] with the first four constants of the infinite series [39, 42, 43] and is seen to converge with the one obtained from our simulations at various velocities (see Fig. 2 ). The coefficient of restitution in our simulation satisfies the well known curve of the form 1
, where k i are constants for a given K n and γ n , and v n is the normal component of velocity along the line of impact. Note that the coefficient of restitution curve remains the same if γ n /K 0.6 n ratio is kept constant [43] . This has been used in some part of our study to maintain the same curve for the coefficient of restitution while varying the value of K n . Basically, we fix K n as K n = 2 × 10 8 ρdg except for the places where we change K n explicitly. The value of γ t is identical to γ n [44] in our simulation.
The value of a time step is chosen as 1.0 × 10 −5 d/g [43, 45] . The intruder is moved with a constant speed in x-direction at a constant depth. We have two time scales t 1 and t 2 in our system as shown in the Fig. 3 . The first time scale t 1 characterizes the forward motion of the intruder and is given by t 1 = (D + d)/2V . The second time-scale t 2 represents the characteristic time for the particle to fall from the top to the bottom, which is given by t 2 = 2D/g. The Froude number Fr introduced in Sec. I corresponds to:
Of course, when D ≫ d, the expression reduces to the one used in Ref. [3] :
However, since we are doing the simulations for the case that D is not much larger than d, we shall adopt Eq. (4). We are interested in this definition of Froude number because of the transition that happens at t 1 = t 2 , i.e., Fr = 1. The simulations are performed for Fr ≤ 10. The coefficient of the friction µ is assumed to be a constant for all contacts. The standard velocity Verlet time integration algorithm is used to update the particles positions and velocities in our DEM simulation. The simulation is carried out until the intruder to cover the whole simulation box length, i.e., to move one complete length of the simulation box in the x direction. The simulations are carried out using Large-scale Atomic/Molecular Massively Parallel Simulator [46, 47] . OVITO [48] and VMD [49, 50] are used for post-simulation visualization and analysis.
III. RESULTS AND ANALYSIS
This section is the main part to present the results of our simulation study. This section consists of 9 subsections. In Sec. III A, we show the results of the drag force at µ = 0.5 for various intruder diameters D. In Sec. III B, we discuss the local motion of grains surrounding the intruder. In Sec. III C, we present the results of our simulation on the drag force for frictionless grains (µ = 0) for various intruder diameters. In Sec. III D, we examine how the drag force depends on the friction coefficient µ in the range 0 ≤ µ ≤ 0.3 for Fr ≤ 1. In Sec. III E, we study the yield force on an intruder and find a scaling law for the yield force for several µ and D. In Sec. III F, we demonstrate the existence of a scaling law for the drag force characterized by the exponent φ µ with respect to the intruder diameter D. In Secs. III G and III H, we present the detailed results of the drag force for various depths for a constant intruder size D = 4.0d and the scaling of the drag force with respect to the depth and the depth dependence factor α µ . In Sec. III I, we examine how the drag force depends on the stiffness constant K n and the dissipation constantγ n .
A. Drag force in frictional system
In this subsection, we present the results of the drag force acting on a moving intruder moving through the granular bed at various velocities (in the positive xdirection) for µ = 0.5 and various D with a constant depth of the intruder. All the results in this subsection are based on the simulation of the system I. We have plotted the instantaneous drag force acting on the intruder at a given time as shown in Fig. 4 for D = 4.0d and the pulling speed 1.0 √ gd. Although the instantaneous force (thin line) acting on the intruder fluctuates with time, the cumulative average of this drag force is well defined (thick line). Then, we call this average force the drag force on the intruder in the subsequent subsections.
The drag force with respect to the Froude number for µ = 0.5 has been plotted in the Fig. 5(a) , where F * drag = F drag /(ρd 3 g). We find three regimes, I, II and III in the drag force trend. The drag force in the regime I (Fr < 1) is almost independent of Fr as can be seen in Fig. 5(b) . The force in this regime strongly depends upon the coefficient of friction µ (as shown in Secs. III D and III E) and D. We call this regime the quasistatic regime as in Ref. [3, 5, 51] , though we cannot exclude the weakly velocity dependent drag from our data. In Ref. [3] , a similar quasistatic regime was observed for Fr < 1 for various µ. We will study the dependence of drag force in quasistatic regime on the coefficient of friction later. In a different experimental setup in Ref. [5] , a quasistatic regime was observed for Fr < 1 though their definition of Fr is different from ours. We observe that the drag force in this regime is almost identical to the yield force which is the minimum force to make the intruder move inside the granular medium in the limit of zero Fr. This yield force is synonymous to the yield stress in Bingham fluid which is the minimum stress to begin to flow under the shear. The yield force is originated from the local jamming and buckling of force chain networks inside the granular bed.
In the regime II or the intermediate regime, i.e., 1 < Fr < 5, it seems that the drag force increases linearly with Fr. Least square linear fit has been applied in the regime II as shown in the graph of the form a + bFr, where a and b are fitting parameters. Note that the slight deviation from linearity observed for the intruder of diameter D = 6.0d is mostly because the rough bottom wall is only a few particle diameters apart from the intruder. The regime II which nicely follows linear trend as a function of Fr has been observed for all cases in the depth study (Sec. III G) where the system size of our simulation is larger and the wall effect can be suppressed by keeping intruder far away from the bottom wall. This regime was also observed in Ref. [3] . This regime II can be considered as a transition zone from the quasistatic regime (the regime I) to the regime III as mentioned in the next paragraph. In the regime III, i.e., Fr > 5, a quadratic dependence of drag force on Fr can be observed due to the direct momentum transfer by collisions of grains to the intruder. We call this regime the inertial regime. A quadratic fit of the form a ′ + b ′ Fr 2 (where a ′ and b ′ are fitting parameters for the quadratic expression) has been applied in this regime. In a similar work for a two-dimensional system, where an intruder disk is dragged at a constant velocity under gravity [34] , a quadratic dependence of drag force on velocity of intruder was observed. There was absence of quasistatic and linear regime at least for the range of parameters (d = 0.32 cm, velocity = 10.3-309 cm/sec, depth of immersion of intruder = 3.75-37.5 cm) they investigated. The reason they missed the first two regimes could be due to the limitation of number of simulation runs at the low Froude number.
B. Local dynamics around the intruder
In order to characterize the force acting on the intruder, it is important to study the local dynamics of the particles that are located around the intruder. The contacting particles with the intruder or the ones that are in the vicinity of the intruder shall be our focus in this subsection.
We measure the average contact angle between the intruder and the granular bed particles. We define this average contact angle as the angle between the line joining the centers of the intruder and granular particles with the velocity vector of the intruder at the time of a collision. We can write average contact angle θ as: y, z are the coordinates of the contacting granular particle. As shown in Fig. 6 , the contact angle is independent of D and decreases with Fr. We also apply a non-linear fit with the equation of the form: θ = Υ 1 Fr Υ2 + π/Υ 3 , where Υ 1 , Υ 2 , and Υ 3 are fitting parameters. The term θ = π/Υ 3 corresponds to the static average angle of contact. We find that the expression
can well express the numerical data as in Fig. 6 (the solid line). We also find that the asymmetry in θ caused by the gravity is negligibly small. For the angle θ close to π/2 the dominant contribution comes from the frictional force in the quasistatic regime. As θ increases, the inertial force by collisions plays dominant role. It can be seen that the data for the intruder of diameter D = 1.0d fluctuates a lot and deviates a little from the other trends because a small intruder has smaller number of contacts during the interval intruder travels one simulation box length (see Fig. 6 ). Thus, if we increase the size of the simulation box along x, we expect that the data would converge even for D = 1.0d. Hilton and Tordesillas observed that the drag force obeys a linear function of the contact number for low Froude numbers [3] . This suggests that the drag force is determined by the number of contacts between the intruder and its surrounding particles. Moreover, the average contact number for each surrounding granular particles (within a certain distance from the intruder), the bulk coordination number Z, also plays an important role in the determination of the drag force. As shown in Fig.  7 , as the velocity of the intruder increases, the distribution of the bulk coordination number of the surrounding particles changes, in particular, the fraction of zero contacts increases. As a result, the average bulk coordination number and the fraction of large contact numbers decreases with the velocity. The floaters without contacts are mostly concentrated in the wake region behind the intruder due to its movement in the forward direction. We, therefore, define the normalized coordination number of the intruder, κ, as in Ref. [3] as:
Here, Z and n are the bulk coordination number of particles surrounding the intruder and the intruder coordination number, respectively. Moreover, upon plotting κ versus Fr, we obtain a relationship independent of the diameter of the intruder given by κ = 0.887 + 0.185Fr as shown in Fig. 8 . A similar expression was used in the Ref. [3] as κ = 1 + 0.2Fr. Note that, we have data for κ till Fr = 10 while they restricted the data to lower Froude numbers. One can notice that the numerator Z in Eq. Table I ).
with Fr. Similar to Fig. 6 , the data of κ for D = d also fluctuates a lot because of small number of contacts for the small intruder. Figure 9 shows the velocity field of the surrounding particles around the intruder for various D and the moving speed V 0 . One can see that the surrounding particles for V 0 = 0.1 √ gd have more particles moving at speeds comparable to that of the intruder than for V 0 = 1.0 √ gd. The same trend can be observed between the intruder velocities 1.0 √ gd and 3.0 √ gd. Figure 9 shows the larger number of rearrangements at lower velocity around the intruder than that for larger V 0 .
C. Drag force in frictionless system
In the presence of the friction, the drag force is determined by two forces, the normal contact force F n and the tangential contact force F t . In the presence of the tangential contact forces, stick-slip motion in granular media plays an important role, i.e., when the intruder is in contact with a particle, the tangential contact force keeps building up (stick) until it reaches a value of µF n , after which it starts slipping. This allows the strain to be built up and then release in the form of rearrangements. This phenomenon is quite active in the quasistatic regime. It is necessary to see how the drag force changes in the absence of these tangential contact forces.
All the simulations are carried out for the system I with µ = 0 for all the contacts. We have obtained the result for the drag force on the intruder for frictionless cases as shown in Fig. 10 . Even in the frictionless case, three regimes exist. However, contrary to the case with friction with a constant force, the drag force in the first regime can be fitted by the form a ′′ + b ′′ Fr c ′′ as shown in Fig.  10 and Table I , where the exponent c ′′ strongly depends on the intruder diameter. The reason for the absence of the quasistatic regime here is that the velocity dependent dissipative forces play dominant roles throughout the frictionless case because of the absence of the tangential contact force. In other words, the main contribution is from the frictional force in this regime in the presence of friction. However, we should stress that there exists a finite yield force even for the frictionless case. This indicates that tangential force alone is not responsible for the yield force. Nevertheless, we should note that the presence of tangential forces does increase the yield force multiple times (elaborated in the further study). In the regimes II and III, we observe similar trends to those observed in the case with friction, i.e., we observe a linear and a quadratic dependences in II and III, respectively. This is because the dominant force in these regimes is the normal contact forces as has already been discussed in the previous subsections. The fact that the drag force follows the quadratic trend even in the case without friction also shows that the dominant force in this regime indeed is the collision based force and would be present even in the absence of the friction. In the frictionless case, we observe that the crossover between the regimes (the drag force dependence on velocity of intruder) takes place at the identical Froude numbers as observed in the case with the friction.
D. Drag force dependence on µ in the quasistatic regime
In the previous subsections, we have reported the quasistatic regime only for the frictional case at µ = 0.5, while the quasistatic regime disappears in the frictionless case µ = 0. Therefore, we should clarify whether a quasistatic regime exists for small µ. In this subsection, we study the drag forces in the quasistatic regime keeping the diameter of the intruder as D = 2.0d for various µ.
We have confirmed the existence of a constant force regime or a quasistatic regime for Fr ≤ 1 except for µ = 0 as seen in Fig. 11 , where we have examined the cases with µ = 0, 0.05, 0.1, 0.2, and 0.3. Figure 11 indicates the existence of the quasistatic regime even for the small coefficient of friction such as µ = 0.05. We suggest that the drag force on an intruder in the quasistatic regime is constant unless µ is zero. Another important quantity Table I ).
to be addressed in the later subsections is the yield force (the force required to initiate the motion of an intruder), which is non-zero even for frictionless systems. From Fig.  11 , the drag force in this quasistatic regime is equal to yield force for the cases of µ ≥ 0.05.
E. Yield force and its dependence on µ and the intruder size D
In the present study, we have introduced the yield force as the drag force on an intruder moving through granular bed in the zero limit of Fr. As can be seen in the velocity field around the intruder (Fig. 9) , there is a bulk reorganization of the particles around the intruder. To obtain the yield force, we perform simulations at V = 0.01 √ gd and regard the average force acting on the intruder as the yield force. Note that it is computationally expensive to move an intruder below this velocity. Figs. 12 and 13 , respectively. As can be seen in these figures, the yield force increases with µ. At any moment, the force acting on the intruder can be split into two components: the normal forces due to the K n part and the tangential forces due to the K t part. Here, the dissipative force whose components are proportional to γ n and γ t does not play important role for small Fr. However, we notice that the contact force between the intruder and the particle in contact increases several times as µ increases from zero to a finite value. It should be noticed that the yield force starts to saturate beyond a certain coefficient of friction µ. This saturation might be related to the upper limit of tangential force in the form of µF n where F n is the normal component of force, i.e., if the tangential force exceeds this particular value, then the tangential force becomes constant. However, this switching of force does not take place for too large µ because the tangential force does not become as large as µF n . Hence, the yield force saturates after a certain value of µ.
Next, we plot the yield force against D * + 1 in a log-log plot in Fig. 13(a) . The reason we have used D * + 1 instead of D * is that we want to plot the yield force against the effective diameter instead of just the intruder diameter. In our work, the effective diameter is twice as much as the maximum distance between the intruder and a particle in the granular bed (of the average diameter d) that are in contact. We find that yield force is proportional to (D + d) φµ where φ µ is a constant for a given coefficient of friction estimated from Fig. 13(b) , where the dimensionless yield force F * Y satisfies the scaling F * Y /(f (µ)(D * + 1) φµ ) = const. We also plot µ-dependence to express the function f (µ) used in Fig. 13(b) in Fig. 13(c) . The exponent φ µ decreases with µ as shown in the Fig. 14 . The exponent φ µ for various K n is examined while keeping K t /K n (which is a function of the Poisson's ratio only), γ n /K 0.6 n (the term that characterizes coefficient of restitution curve), and γ t /γ n (the ratio of tangential and normal dissipation constants) as constants. We can indicate that the exponent φ µ is almost independent of K n if we fix the other parameters except for µ.
Note that φ µ=0 ≈ 2 in the frictionless limit can be understood if the yield force is proportional to the cross section of the effective sphere surrounding the intruder. In the absence of the frictional forces, the gravity plays the major role i.e., the intruder moves away from surrounding grains which are settled in a stable position by the gravity. The work done by the intruder for changing the potential energy of the intruder is not retrieved back leading to a finite yield force for µ = 0. In fact, if the intruder moves by a distance of x, all the particles inside a volume of π(D + d) 2 x/4 in front of the intruder has to be rearranged. Since, in the zero velocity limit there is no momentum based collision forces or the frictional forces (µ = 0) thus leading to the square dependence for µ = 0. In this subsection, we try to scale the drag force with respect to the intruder diameter. Note that the data for the dynamical simulation with finite Fr are only for D * ≤ 6. In Sec. III E, we have found that the yield force can be scaled as (D + d) φµ , where φ µ obeys Fig.  14 . This scaling can also be used for the drag forces up to Fr = 10, i.e., the scaled drag force
becomes independent of the size of the intruder (see Figs.  15(a) and 15(b) ). If we are interested in the case for
φµ for any given Fr. The existence of the scaling via the the yield force suggests that the drag force can be expressed as a product of the yield force and the dynamical part depending on Fr. Indeed, three regimes and their crossover values do not depend on D and µ. We, therefore, propose that the drag force can be expressed as (for µ ≥ 0.05):
For the frictionless case, the expression of above equation should be replaced by
Equations (9) and (10) are still not dimensionless, if we use the dimensional drag force F drag on the left hand sides. Indeed, the yield force must be dimensionally proportional to ρd 3 g. Because ρ is a constant, we expect the scaling of the yield force should be proportional to (length) 3 , but the exponent φ µ is less or equal to 2. Therefore, we need to scale it with the other factors such as the depth of the intruder which will help us in creating a generalized scaled drag force independent of the size or the depth of the intruder. Moreover, it is also necessary to check if the regime change occurs at the same Froude number for various depths of the intruder or if it is a function of the depth of the intruder. We address these questions in the later subsections.
G. Drag force at various depth h
In a recent two-dimensional simulation study on a depth dependence of drag force on a intruder disk reports that the onset of inertial regime (the quadratic dependence of the drag force on V ) clearly depends on the depth of the intruder. Even in three-dimensional system, the onset of the quasistatic, the intermediate, and the quadratic regimes might depend on the amount of grains located above the intruder in granular media under gravity, which acts as a hydrostatic pressure proportional to ρgh, where h is the depth of the intruder. Nevertheless, this simple picture might be only applicable to the frictionless case, because the exponent φ µ for µ > 0 is smaller than 2, and thus, we expect that the effective pressure is proportional to h αµ with α µ > 1 for µ > 0. Note that the sum rule φ µ + α µ ≈ 3 should be satisfied because of the argument on the yield force in the end of the last subsection. Therefore, it is important to study the scaling of the drag force on the depth of the intruder. We shall discuss about the exponent α µ further in the next subsection.
All the results presented in this subsection are based on the simulations for the system II. We have performed the simulations at depths h/d = 10, 25, 45, 50, 55, 60, and 65 from the free surface in negative z-direction with the intruder diameter D = 4.0d in a much larger system of dimensions 80d × 40d × 80d. The value of µ is fixed to be 0.5, and all the other parameters such as K n , K t , γ n , γ t are the same as mentioned in the simulation methodology section for the most of arguments in this subsection. Based on Fig. 16 , we have confirmed that the onset of the different drag regimes starts at roughly the identical Froude numbers as before. It is reasonable that if there are insufficient numbers of granular layers above the intruder, the drag may not undergo a regime change and the quadratic regime may start quicker as has been seen in Ref. [34] for a two-dimensional system. However, if the intruder is located sufficiently deep from the free surface, Froude number at which crossover between the regimes happens, seems to be almost independent of the depth. Therefore, we expect the effect of the depth appears as the yield force. Then, we also study the scaling factor (D + d)
φµ for various h and D to confirm that φ µ is independent of the depth.
H. Scaling of drag force with respect to depth
In this subsection, we have considered the depth dependence of drag force. We also examine whether the separation of the yield force and the dynamical drag as shown in Eq. (9) for µ = 0. As shown in Fig. 17(a) , we have verified that the yield force is proportional to h αµ for h/d = 10, 25, 45, 50, 55, and 60. Indeed, F * Y /h * αµ is independent of h/d as shown in Fig. 17(b) , which can be scaled as a universal horizontal line with the introduction of g(µ). We also plot µ-dependence of the yield force in Fig. 17(c) . It is noted that the function g(µ) is different from f (µ) used in Sec. III E (see Fig. 13(c) ). Similar to the case with φ µ it is possible to scale the drag force with respect to the depth of the intruder. Moreover, as stated in the last subsection, φ µ is independent of the depth. With this in mind, we find that there exists a depth scaling factor α µ as
We emphasize that the scaling for the yield force is applicable to the region near the surface such as h/d = 10 and 25.
We also examine the α µ for various µ and the nonlinear normal spring constant K n for a constant value of K t /K n , γ t /γ n , and γ n /K 0.6 n at five different velocities V / √ gd = 0.5, 1.0, 2.0, 4.0, and 6.0 and seven different depths in our study (h/d = 10, 25, 45, 50, 55, 60, and 65) and averaging them. Unlike the case with the scaling factor φ µ , α µ increases as µ increases. However, α µ weakly depends on the non-linear spring stiffness K n as shown in Fig. 18(a) . The simplest contribution of the depth is the hydrostatic pressure expressed by ρgh which is roughly true for frictionless case, i.e., α µ=0 ≃ 1. Changing the value of the non-linear spring constant K n or the Young's modulus E causes the change of α µ because the overlap between two granular particles δ increases as the K n decreases. Hence, the drag force can be scaled with respect to depth h for a constant (D * + 1) as :
where m i and n i can be obtained from the F * drag /h * αµ versus Fr graph such as Fig. 16 for our case. Moreover, we present a dimensionless drag force in the further part of the study. Here, in Fig. 18(b) , we can see that the sum rule α µ + φ µ ≈ 3 is approximately satisfied. Figure 18 suggests that α µ decreases with K n except for the cases of µ ≤ 0.1.
We also plot the scaled form F * drag /h * αµ versus Fr for various depths h/d 45 in Fig. 19 , where the exponent α µ is evaluated from the yield force as in Fig. 17 . All data are collapsed in all regimes I, II, and III independent of the depths of the intruder. It should be noted that the data for shallow regions (h/d 25) do not satisfy the scaling relation as presented in Eq. (11) . Because the yield force satisfies the scaling, i.e., the left hand side of Eq. (11) is independent of h and D, the separation of the dynamical drag force and the yield force cannot be used for the shallow part. Nevertheless, such separation between the dynamical drag force and the yield force can be used if the intruder is located enough deep. I. Drag force dependence on non-linear spring stiffness Kn, the dissipation coefficient γn, and the coefficient of restitution curve
In the last subsection, we study how the values of the non-linear spring stiffness constant K n changes the onset of regimes. The simulations are performed at constant depth using the system II with h = 45d. We control K n with keeping K n /K t , γ n /K 0.6 n , and γ n /γ t constant. Because K n /K t is purely a function of the Poisson's ratio (see Eq. (3)), we fix the Poisson's ratio for the material. Similarly fixing γ n /K 0.6 n corresponds to the fixed curve for the coefficient of restitution e (Fig. 2) for the three cases of K n as shown in Fig. 20(a) . Finally, γ n /γ t is kept equal to unity to maintain uniformity in the normal and tangential dissipation factor in all the three cases.
We observe that, all the graphs for F drag versus Fr seem to converge in the inertial regime, i.e., for Fr > 5 if we choose an identical restitution coefficient curve (by fixing the value of γ n /K 0.6 n ). We, however, notice that the drag force depends on the spring stiffness in the first two regimes. The drag force becomes smaller for larger K n in these regimes. This is reasonable because the softer materials may form clusters (force chains) under the compression. We know that the coefficient of restitution depends on the Young's Modulus E or the normal spring stiffness K n [41] , but it is possible to vary the dissipation term γ n under unchanged curve of the coefficient of restitution. This is what we have carried out by keeping γ n /K 0.6 n constant for various K n in Fig. 20(a) while we have varied γ n /K 0.6 n term in Fig. 20(b) for a fixed K n = 2 × 10 8 ρdg and thus changing the coefficient of restitution curve. As can be seen in our results, the drag force in the quadratic regime for various K n is similar as long as the γ n /K 0.6 n is kept constant irrespective of the value of K n (see Fig. 20(a) ) and it is different for various γ n /K 0.6 n ( Fig. 20(b) ). Hence, we can say that the forces in the quadratic regime depend on γ n /K not on the normal non-linear spring constant K n or the normal dissipation γ n term separately. We also observe that the forces in the quasistatic regime depend on K n but not on γ n as shown in Figs. 20(a) and 20(b) . This is to be expected as the dissipative terms containing γ n are associated with the velocity part and hence the drag independence on γ n in the quasistatic regime.
From both Figs. 20(a) and 20(b), we also conclude that the crossover in the drag regime that we have observed throughout our study is independent of the material properties such as K n and γ n . This is important as it sets a universal rule for the regime changes in the drag force with respect to the Froude number used in our study, i.e., the drag force regime crossovers occur at Fr ≈ 1 between the quasistatic to the linear regimes and at Fr ≈ 5 between the linear to the quadratic regimes.
IV. DISCUSSION
The scaling law that we address in our work can play an important role in miniaturization of the drag forces on intruders to move through granular media. The miniaturization of the drag in the granular media keeping the dimensionless number, would be important in industrial applications. We, however, want to scale the diameter of the intruder D by the diameter of the grains d, because the numerical simulation can treat only dimensionless quantities such as D/d. This can be successfully used to do a complete miniaturization of the intruders on a laboratory scale while keeping the diameter of the granular bed particles same. In the present work, we have found that the drag force can be represented by a product of the dynamical part and the yield force, if the intruder is located enough deep. Thus, the scaling law for the moving intruder in frictional grains can be expressed by 
where the exponents α µ and φ µ satisfy the approximate sum rule α µ + φ µ ≈ 3. Unfortunately, we cannot explain µ-dependences of the nontrivial exponents α µ and φ µ . The explanation of the exponents would be an important subject of our future work. To express Eq. (12), we make the following assumptions: (i) in the quasistatic regime, i.e., for Fr < 1, the force remains constant throughout and is equal to its yield force. We have seen that this is not true for the case without friction. However, for µ ≥ 0.05, this is found to be true. (ii) The graphs are continuous at both Fr = 1 and Fr = 5. (iii) The intruder is not located in shallow region. In other word, if the location of the intruder is shallow, we cannot use Eq. (12) because the drag force cannot be expressed as a product of the yield force and the dynamical part.
V. CONCLUSION
We have computed the drag force acting on an intruder moving with a constant velocity through the granular bed made up of slightly polydispersed particles. We have found the drag force can be expressed as a product of the yield force and the dynamical part, if the location of the intruder is sufficiently deep. In the dynamical part of the drag force, there are three regimes: the regime I, the intermediate and, the inertial regimes, at least, for the frictional cases, where the crossovers take place at Fr ≈ 1 and Fr ≈ 5. For µ ≥ 0.05, the regime I for Fr ≤ 1 is a quasistatic regime, while the drag force in the regime I for the frictionless case depends on Fr. Moreover, we have seen that the drag force in the inertial regime remains unchanged if the term that characterizes the coefficient of restitution curve, i.e., γ n /K 0.6 n is kept constant. We have also confirmed that yield force strongly depends on the coefficient of friction as ρ (D + d) φµ h αµ g with the sum rule φ µ + α µ ≈ 3.
